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ABSTRACT: This paper deals with the spectrum of light quasielastically scattered from solution of coupled reaction
systems of macromolecules. The first reaction is of the type Fo = Fy = ««veeet = Fy with arbitrary rate constants A
(forward) and B (backward). Rate equations were solved by the method of Ninham, Nossal, and Zwanzig (J. Chem.
Phys., 51, 5028 (1969)). The relaxation times associated with the chemical reaction can be written as: 70-1 = 0 and
7p~1 = [(A)}/2 = (B)1/2]2 + 4(AB)1/2sin? pr/2(N + 1) (p: 1, 2, . . ., N). The correlation function of scattered light
can be written as

N o
IK,t) = > ey /A5 *Y exp[~(DK* + 7,7 )]

P=0
where a; is the polarizability of species i, D is the translational diffusion constant and y = (4/B)1/2. A, + 1.j + D
can simply be expressed by trigonometric functions. For ¥ = 1, B, = Zaa;A ¢+ 1./+1) was evaluated for an assumed
form of a; and it was found that B, « p~*. The second reaction is of the type Fo + H=F; + H=....=Fy, where
F; = FH; and F and H stand for some molecules. Since F is assumed to have N binding sites for H, it holds that
Fi/F.1-H = [(N + 1 — i)/i)(kt/kp), where bars mean equilibrium concentrations and k¢ and ks, are rate constants.
Rate equations were solved analytically for small N’s and by a machine computation for large N’s. Results suggest
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that the relaxation times can be written as: r,~1 = (ke + ko)p (01 1, 2, ... .. » N). Intensities associated with
the second reaction were evaluated by a machine computation and were found to be very weak.

Quasielastic light scattering has emerged as a signifi-
cant new technique for studying macromolecules in solu-
tion.1'2 This method can provide information about elas-
tic constants of macromolecules as well as their transport
coefficients. Furthermore, this method provides informa-
tion on the kinetics of fast reaction. This has been the
subject of many theoretical3-® and a few experimental in-
vestigations.1® The quasielastic light-scattering spectrum
associated with the reaction arises because of polarizabil-
ity differences in reactants and products and also because
of the differences in diffusion coefficients of reactants and
products. We wish to present here the theoretical results
based on simplified models of coupled reactions:1?

A A A
Fosg g o= 5 s W

with arbitrary rate constants A (forward) and B (back-
ward), and

Fo+H==F, +H==F, +H = . =F @

where F; stands for FH; (H is not hydrogen). For reaction
1, rate equations can be solved analytically by the method
of Ninham et al.,12 so that the result will have an impor-
tant role in seeing the general feature of the spectrum as-
sociated with a coupled reaction. The reaction 2 was stud-
ied in order to interprete experimental spectra from solu-
tions of muscle proteins introduced below. However, the
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result will have applications to various other systems.

Muscle F-actin is a two-stranded helical polymer.13 It
consists of monomers called G-actin (mol wt ~5 X 104).
F-actin polymerized in vitro under a standard condition
(e.g., 100 mM KCIl, pH 8) is longer than 1 ym. Another
muscle protein called myosin interacts with F-actin. Since
myosin is insoluble at low ionic strength, in vitro experi-
ments are usually carried out with heavy meromyosin
(mol wt ~3 X 105), a product of limited tryptic digestion
of myosin.13 Heavy meromyosin can bind to F-actin in the
absence of adenosine triphosphate (ATP). This has been
suggested by measurements of turbidity and viscosity and
by ultracentrifugation of the solution. On the addition of
ATP, however, heavy meromyosin seems to dissociate
from F-actin because of a large decrease of turbidity and
viscosity. In the presence of Mg ions, the ATPase activity
of heavy meromyosin is very .low. However, the presence
of F-actin greatly activates the MgATPase activity of
heavy meromyosin.13

We have studied F-actin and the complexes of F-actin
and other muscle proteins by quasielastic light scatter-
ing.2:1¢-19 A long, semiflexible F-actin molecule is expected
to undergo a spontaneous bending motion. In fact, half-
widths at half-height of spectra of solution of F-actin can
be expressed in & homodyne configuration as

I'=2DK? + 17 (3)
K = (4rn(A) sin (¢/2) (4)

where D is the apparent diffusion coefficient, A the wave-
length of incident light in a medium, and ¢ the scattering
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Figure 1. Schematic representation of experimental results of
muscle proteins. (a) The 1/7 of the complex of F-actin and heavy
meromyosin at various molar ratios of heavy meromyosin to actin
in the absence of ATP.18 (b) " at ¢ = 60° of the complex of F-
actin and heavy meromyosin (at a molar ratio of 0.5) at various
concentrations of ATP.22a.b The concentration of ATP can be es-
timated from the amounts of liberated inorganic phosphate (P;),
the initial concentration of ATP being 8 mM. It should be noted
that the 1/7 of F-actin depends on the concentration of ATP.

angle.14.20-21 The 7 in eq 3 can be interpreted as an aver-
age relaxation time of the spontaneous bending motion of
F-actin. On the addition of heavy meromyosin in the ab-
sence of ATP, the 1/7 of F-actin greatly decreases as
shown in Figure 1a.1® This has been interpreted to be due
to the fact that F-actin becomes flexible as a result of the
interaction with heavy meromyosin. Recently, it has been
found that the 1/7 of F-actin changes on the addition of
heavy meromyosin even in the presence of ATP.22ab
Moreover, this change in 1/7 depends on the concentra-
tion of ATP and this change is observed even at a molar
ratio of heavy meromyosin to F-actin monomer of 3, (Fig-
ure 1b),228 where no change has been observed in the ab-
sence of ATP (Figure 1a). Then there arises a question
whether or not the change in 1/7 is due to the occurrence
of a cyclic chemical reaction such as

HMM + MgATP = HMM
EATP HMMMeATE  yyM + aDP + P,

F FHMM-MgATP _JA_, F
k{HMM] ky
(5)

where HMM and F stand for heavy meromyosin and F-
actin, respectively, ADP is adenosine diphosphate and P;
is inorganic phosphate. As shown in subsequent sections,
the change in 1/7 of F-actin in the presence of heavy
meromyosin and ATP can be concluded not to be due to a
chemical reaction but due to the intrinsic change in the
F-actin flexibility as a result of a cyclic interaction with
heavy meromyosin.
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Harbor Symp. Quant. Biol., 37, 277 (1972). (b) S. Ishiwata, private
communication (details will be published in a near future).

Macromolecules

I. The Reaction 1

Relaxation Times.23 Let us denote by F; both the
species F; and its number concentration. Then it holds for
reaction 1 that

F; = (A/B)F,, = (A[B)F, (6)

where F; stands for the equilibrium concentration of F;.

Letting Fy(r,t) = F; + éF;(r,t), where r is the position
vector and ¢ is the time, it holds for reaction 1 that

Co=~(DK> + A)C, + BC, (72)

C, = AC,, - (D,K* + A + B)C, + BC,,, (7b)

Cy = ACy., = (DyK? + B)Cy (7¢)

where D; is the diffusion coefficient of species i and C; the
Fourier transform of 6F;(r,t)

C: = C«K,t) = [6Fr,t)edr (8)

(To avoid cumbersome algebra, rotational and internal
modes of motion were neglected.) If D; = D is assumed for
all ’s,2¢ eq 7 can be solved analytically for arbitrary
values of A, B, and N. Letting

C,(K,t) = y' exp[-(4 + B + DK*t]o,(K,7r) (9a)
¥ = (A/B)"? and = 2(AB)"% (9b)
eq 7 becomes
26, = % go + o (10a)
26, = o5, + 0,4 (10b)
268 = oy t Yoyn (10¢)
The Laplace transform of eq 10 becomes
Mg(e) = 2g(0) 1)
where.
50 = [ g®nedr 2
g b 2
and
- - r 1 7
g, 2¢ Y 1 0
(23] -1 2e -1 0
g=|o,] M =10 -1 2 (13)
: 2 -1
: 0
LA ~ Lo R
Equation 11 can formally be solved as
N
8(6) =22 04Dy 11,140/ Dy 41(€) (14)
k=0

where Dy y1(¢) is the determinant of M and Dgyq,i+1 is
the cofactor of the (¢ + 1, i + 1) element of M. When we
write

N
DN+1(6) = 2 HO(G - fq)
g=

the inverse Laplace transform of eq 14 becomes

(23) For the convenience of the later discussion, the method of Ninham et
al. (see ref 12) is reviewed in this subsection.

(24) This assumption is not generally valid. As will be discussed later,
however, this does not impose serious limitations.
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o(r) = E‘%f‘ﬁi‘(f)e_”de
N N ' 15
= Zﬂk(O)ZAJp-(kﬂ” +1 exp(e,T) (15)
where k=0 =0 e
Ap,<k+1’i+l) = Dk+1,i+1(6p) (16)

[%qﬁo(e - eq)J

It is necessary, therefore, to find all roots of Dy, 1(e) = 0.
Letting

€mt
«P

(2¢ -1 0 1
=1 2 =1 0
Dj = det 0 -1 2 (17)
2% -1
0
i -1 2e-—v i

Dy=1 D =2%—7vand D, = 2D, =1  (18)
it is evident that
D1 = 2’,6.01_1 - Dj—2 (]' 3, 4, e ey N)

Dyyy = (2¢ - %)DN = Dy,

(19)
(20)
Equation 19 is the recurrence formula for the polynomial
defined by
Uite) = sin (j + 1)8/sin 6, U_; = 0 and e = cos 6
(21)
The linear combination of U; defined by
D, = U; - yUp

J

fulfills eq 18 and 19. Then we have

(22)

Dyyie) = (2 —y — %)Ux(e) =2 fllo(f —-€) (23)
o=

where 1
G = S0y + o) (24a)

(p1,2,....,N) (24b)

pT
N+1
Fromeq9, 15 and 24, we find

€, = COs

N N )
Cdt) = v' 3 yFCUOD A THHY x
k=0 k=0

exp[—(DK? + 7,7'%] (25)
where

N
7o = 0and 7,7 = (VA - VBF +
<9 pT
4YAB sin TNFD (26)

The Correlation Function of Scattered Light. Let
e(r,t) be the instantaneous dielectric constant of the solu-
tion. Then we have

N
seK,t) = D aCilK, 1) @n
=0
where
a; =(0e/dF;); (28)

The correlation function of scattered light may be written
ast

KK, t) = (8e(~K,0)de(K,1))

N N
22 {C(—~K,00C;(K, 1)) (29)

i=0 j=0
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Under the assumption of concentration fluctuations in an
ideal solution:25

(C{(~K,0)C/(K,0)) = Fibi; = Foy*s;, (30)

where §;; is the Kronecker delta, eq 29 becomes
N
IK,t) = P(K) ZB,, exp[—(DK® + 7,7] QD
=0 -

and
B,= FOEiZjaiaj'yi'HAp(i+1,j+1) (32)

The form factor P(K) was multiplied in order to explicitly
show the angular dependence of I(K,t). To evaluate the
values of Bp, Di+1,;+1(€) in eq 16 must be known. Letting
(cf., Djineq17)

— _ L _ T
2¢ v 1 0
-1 2¢ -1 0
D}° = det 0 -1 2, (33)
" 2 -1
0
-1 2
~ =
Df = 1D = 2% and D2 = 2D, ~1 (34)
it is evident that
D;° = 2%D;,° = D;,° (j:3, 4, ..... , N) (35)
Equations 34 and 35 are satisfied by
o — 1
D] = UJ - 7[Jj_1 (36)
Using D,° and Dy, it is easily shown that
Diy1j41 = Dy, X D;° 37
Therefore, it we put
y = €%, ¢ = cosh ¢ and 6, = pz/(N + 1) (38)
eq 16 becomes
Ap(”l’j*” = A, (1A()) (39)
where
N sinh ¢ it
A® / e sinh (N +D9°  (402)

N e
A,G) = 1/(N + 1)(cosh ¢ — cosf,) X
fsin (i + 1)8, — =2 sin (i6,)} (40Db)
Aty = 1(i.e., ¢ = 0), these are reduced to

AL+ = o (Da()) D

N1+1 and a,(i) /N%i-l cos (i + %)6,, (42)

are the eigenvectors of the Rouse matrix26 as they should
be. To avoid unnecessarily cumbersome expression in
seeing the qualitative trend of B, as a function of p, the
following evaluation of B, was made only for v = 1. But
the evaluation of By, for an arbitrary value of v is easy be-

where

ay(i) =

(25) L. D. Landau and E. M. Lifshitz, “Statistical Physics,” London, Per-
gamon Press, 1958, p 361.
(26) See, for example, B. H. Zimm, J. Chem. Phys., 24, 269 (1956).
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cause Api+1.J+1) consists of two factors depending only on
i and onj. (i) If a; = « for all /’s, it can be shown from eq.
41 and 42 that

B, = F_tazapo (Ft =(N + 1)Fo) (43)

This result is self-evident. (ii) If a; = a(l + i5), it is easily
shown that

By = afZ(1 + o)D)} = «’F:(1 + N&§/2  (44)
By = Q241 + Da0)f = ?FiN + P8 5iza(podd)
(45)

It should be noted that B is inversely proportional to p4.
(If a; = a[1 + & sin (xi/2N)] is assumed, it will be found
that B, « (4p2 — 1)-2.) This means that only the lowest
mode (p = 1) is practically important. The ratio B1/By is
equal to (8N2§2/7w4) /(1 + N§/2)2 (= 4 X 10-2for N6 = 1).

II. The Reaction 2

We assume that (i) each F-actin molecule consists of
2N = 400 monomers (G-actin) and hence the length of F-
actin is 1 um, (ii) each F-actin molecule has N binding.
sites for heavy meromyosin.13 Let denote by F; both the
state of F-actin which binds / heavy meromyosin mole-
cules (H) and the number concentration of F-actin in the
i state. Then it may hold for reaction 2 that

F N =G =Dk

At a molar ratio of heavy meromyosin to F-actin monomer
of 1, it holds from above assumptions that Hy/H; = % (at
A/B = 1), where H; is the total concentration of heavy
meromyosin. At a molar ratio lower than unity, it is ex-
perimentally known that H =~ 0 in the absence of ATP,
and Hp/Hi< 1 or Hy/Hy< % in the presence of ATP.27

Macromolecules

The latter means that the ratio A/B is near or a little
smaller than unity. .
Letting Fy(r,t) = F; + éF(r,t) and H(r,t)

FF ot = (N — i + 1DASF,, -
(N — i)A + iBI6F, + (i + 1)1351?,+1 +

(N —i + DF,; - (N - i)F, ]—6H

= H + 6H(r,t)

(50)

Putting A = B, the order of magnitude of each term in
the right-hand side of eq 50 may be estimated as

5Fll 5F1+1

(N z+1)| N(l+1)l

oH
OF;

VN =i+ Di:N: VN =G +1ﬂ:ﬁ2i—Nh/(1iV)/N2N'1

where use is made of (§F;2) = F; (eq 30). For N = 200, the
last factor in the above ratio is at least 10-3 times smaller
than the other factors. This estimation allows us to ne-
glect the term proportional to 6H. Since free heavy
meromyosin molecules do not appreciably contribute to
the scattered light from solution, the rate equation for 6H
can also be neglected. Then the rate equations for reac-

tion 2 can be approximated as

[(N—l +1);1 —(N—z)—]

— - 46 .
Fi—l'H i kb ( ) Co = —NACO + BC} (513)28
or N4y . = (N - i+ DAC,, - [(N - i)A + iB]IC,

F; = Fy ; )(E)‘, A = keH and B = k, (47 + (i + DBC, ., (51b)
where F; and H stand for the equilibrium concentrations Cy = ACy, = NBCy (51c)
of F; and H, respectively, and (%) is a binomial coeffi- .
cient. The total number concentration of F-actin () and . C = BMC (562)
that of bound heavy meromyosin (H,) are, respectively, or in matrix form as

Cit) = [6F{r,t)e’*dr (53a)

TNyt 1 0 ]

N2 (N =¥ +1] 2
0 (N =1y (N =2y +2] 0
M = (29 + (N - 2)] N —1 0 | .(53b)
0 2 [y +(N=D] N
0 ¥ =N
— N1
C=1(Co, Csy . . ... .. , Cn)T and y = (A/B)Y? (53¢)
(T means transposition)
given by where eq 53a-c¢ holds true. The formal solution of eq 52
N may be given by
F. =2 F =FQ+A4/BY (48) N
o ) C(t) = exp (BMH)C(0) = 2 exp(Be)U,U,*C(0) (54)*
— — —_— =0
H, = 2.iF: = FS)NA + A/BY (49 ’
b ;)l O(B) ( /B) (49) or, in the component representation, by

(27) E. Eisenberg, L. Dobkin and W. W. Kielley, Proc. Nat. Acad. Sci. U.
S., 69, 667 (1972).

(28) Diffusion terms were neglected here. If we assume D; = D for all s,
they can be taken into account as in the case of reaction 1.

(29) For example, C. A. B. Smith, “Biomathematics,” Charles Griffin &

Co. Ltd., London, 1969, Vol. 2, p 48.
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100

Figure 2. Eigenvalues of M at various values of ¥2. Machine
computations were made for N = 50. The numeral attached to
each line indicates the value of y2 (= A/B). Eigenvalues, ¢p, can
be expressed by: ¢, = —(¥2+ 1)p (p:0,1,...,N)

N N
Ct) = D exp(Bept)UpUp i +1,i41C4(0)  (55)
k=0 p=0
(UpUp*)k+1,i+1 = U (U i) (56a)

Uy, = (UL0), Up(D), .., Up(i)serrs U(N )T (56b)

where ¢, and U, are the eigenvalue and the normalized
eigenvector of M, respectively. (UpUp*)r+1,;+1 just corre-
sponds to Ap®+14+1) in eq 16. Equations 29 and 30 lead
to

N
I(K,t) = P(K)Y_B, exp[~(DK* + 7,7)t] (3D
p=0
where
B, = FoZ.Z aai( Y U000 ) (57)
T 7} = —¢,B (58)

P
Trials for small values of N (N < 10) suggest that

Dyie) =M —d| = pliloie +(y +0p (59

i.e., eigenvalues are spaced between zero and — (y2 + 1)N;
e, = (¢ +1p (:0,1,2 ..,N) (60a)
rp_l = (A + B)p (60b)

Eigenvectors belonging to ¢g and ¢ are easily obtained

Uati) = v

i (8la)
Uiy = (-0
oraty =1
o N! N
Ui = Ty ti) (61b)
N N

Ui = (_1)11/71\’—?( i)

Using these results and assuming again a = a(1 + id), Bo
and By for v = 1 are calculated as

B, = F,a2(1 + Ng/2)*

- (62)
By = 0 (F, = 2"F))

(30) In the limit of v — 0 (or 1/ — 0), M is a triangular matrix so that eq
59 directly results in. A machine computation supports the validity of
eq 59 for N < 50. However, an algebraic proof of eq 59 has not been
obtained for arbitrary values of v and N.
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Figure 3. Graphical representation of some of eigenvectors. Com-
putations were made for N = 50: (a) ¥ = 1, (b) ¥2 = 0.1, and
(¢c) v2 = 10.

The result for Bg is self-evident (¢f. eq 44). The fact that
By = 0is accidental due to the assumed form of «;.

Since analytical expressions of eigenvectors are very
complicated for large N, a machine computation was car-
ried out. (Because of limited machine time, calculations
were made only for N < 50.) A machine computation con-
firmed the validity of eq 59 (Figure 2). Figure 3 is the
graphical representation of some eigenvectors. The nu-
merical values of B1/Bo for A = B are shown in Figure 4,
where o; = a(l + i§) was assumed. The values of B, (p =
2) were vanishingly small. When we assumed o; = «[1 + 6
sin (wi/N)], only the ratio B2/Bo was not very small (Fig-
ure 4). In any case we have studied, the intensities associ-
ated with the chemical relaxation modes were weak. This
is due to the strong localization of eigenvectors as a func-
tion of z; the larger the value of N, the weaker are the in-
tensities Bj,.

IT1. Concluding Remarks

Generally speaking, a linear macromolecule undergoes
conformational fluctuations.?-2-21 In such a case, the cor-
relation function of scattered light may be written as
I(K,t) = Py(K)e DK + p (K)e @KVt 4
(63)
where 7. is the longest correlation time of the conforma-
tional fluctuation. Under favorable conditions, P.(K)/
Po(K) may be larger than one-half.20.21 As shown before,
on the other hand, B/Bo is less than 10-2. Therefore, the
experimentally observed value of 7 of F-actin (Figure 1)
might surely come from the conformational fluctuation of
F-actin (details will be published elsewhere22p),

It should be noted that P — 1 and P, — 0 as K — 0,22
whereas B, is independent of the value of K for D; = D.
Even though there are many possible modes in fluctua-
tions, only the concentration fluctuation associated with a
chemical reaction is responsible for the broadening of
scattered light at very small values of K; DK2 « 75,71,

There is yet no experimental evidence suggesting the
importance of chemical relaxation modes in the light-
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Figure 4. Intensity associated with a chemical relaxation. Com-
putations were made for N = 50 (® and 0) and N = 10 (O) at 2
=1.(0)a; = afl +16) with N6 = 1, (@) a; = a(l + i8) with 1 <
Né <5and (O) ; = [l + ésin (xi/N)]with1 <6 < 4,

scattering study. Main reasons for this come from experi-
mental difficulties in separating the weak contributions of
chemical relaxation modes from the high intensity associ-
ated with the center-of-mass motion. We must therefore
work under the condition of DK2 < 71,-! <« 1571 (7! the
coherence time of laser light, typically 100 msec.). In that

Macromolecules

condition, the scattered light associated with the diffusive
motion will act as a reference signal in the heterodyne de-
tection and only the broadening associated with chemical
relaxation modes will be observed. A depolarized light-
mixing technique may also be useful in order to eliminate
the strong contribution from the center-of-mass motion,31
although this technique has inherent difficulties. Because
of a collective behavior of a coupled reaction, very fast
reaction kinetics may be followed. For example, if A = B
= 108 sec—? is assumed, the r—1 value will become 103
sec— 1! for N = 100 (from eq 26). This value of r; is in a fa-
vorable range of measurements by the present method.

We are trying to detect the in vivo interaction between
actin and myosin in the presence of ATP,32 where both
proteins are hard to diffuse randomly .33

The following is noteworthy: Throughout this investiga-
tion, we assumed D; = D for all i’s. When D; = D; (and/
or P(K) = P;(K)), the intensity associated with the
chemical reaction, Bp, does not equal zero even for o; =
a. As has been pointed out,® D; # D; may be important
in detecting a chemical relaxation in the case of small N.
However, a possible existence of sample polydispersity
might make the analysis difficult for the case of large N.
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ABSTRACT: The zero-shear solution viscosities, ng, of linear, 4- and 6-star branched, monodispersed polystyrenes
in diethylbenzene, ¢ = 25.5 g/dl, were measured by a capillary and cone-and-plate method. As for each type of poly-
mer the molecular weights vary by a factor of at least 30, the no’s varied at least by a factor of 103, It was demon-
strated that the corresponding states principle (CSP) applied to these systems predicts a superposition of data
plotted as (70 — 7s)/[n]o vs..[n]g. Using experimental [nlg's a remarkable superposition was found. Replacing
[nlo by (Mwg)/2, where g has the value computed from Zimm and Stockmayer relation, still a good superposition
was achieved. It was also found that the numerical value of the coefficient (¢ In no/d In ¢)um,r calculated from the
master curve agreed numerically with the experimental value computed from the data published in 1953 by Bueche.
For samples with molecular weights larger than the critical entanglement molecular weight the temperature de-
pendence of the viscosity in the range 20-40° can be expressed by an Arrhenius-type equation. The average activa-
tion energy of flow E, equals 5.9 £ 1.1 keal/mol and is independent of the molecular weight and the structure of the

polymer.

In many industrial applications one of the most often
discussed parameters is the chain branching of polymer
macromolecules. Unfortunately, in spite of numerous pa-
pers published on this subject,2-7 no quantitative predic-
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tion can be made in regard to the effect of branching on
rheological behavior of polymers. The main reasons for
this lie in the diversity of branching and in the hetero-
geneity of polymer samples as far as branching length,
branching density, and molecular weight are concerned.
Furthermore, very often the rheological studies are limit-
ed to the viscous properties or to the low rate of shear re-
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